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Solving cubic 
equations via conics

Omar Khayyam constructed roots of a 
cubic equation by intersecting a circle 
with a hyperbola.

A manuscript of Omar Khayyam
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Solving cubic 
equations via conics

Omar Khayyam constructed roots of a 
cubic equation by intersecting a circle 
with a hyperbola.

Warning: this is not a solution by radicals.

Question: is it possible to construct the 
roots of a cubic equation by straightedge 
and compass? 

A manuscript of Omar Khayyam



Solving cubic 
equations via 
conics

Modern account of 
Khayyam’s construction by 
Deborah A. Kent and 
David J. Muraki (in 
geometric terms, no 
algebraic notation).



Solving cubic equations 
via conics



Solving quartic equations via pencils of conics

Pencil spanned by parabola 𝑦 = 𝑥2

and parabola 6𝑥 = 𝑦2 − 7𝑦.

Picture from paper “Solving the 
Quartic with a Pencil” by Dave 
Aukley
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Solving quartic equations via pencils of conics

Pencil spanned by parabola 𝑦 = 𝑥2

and parabola 6𝑥 = 𝑦2 − 7𝑦. 

The conic labelled by λ is given by 
equation: 

6𝑥 − 𝑦2 + 7𝑦+λ(𝑦 − 𝑥2) = 0

There are 3 degenerate conics (=pairs 
of lines) in the pencil. They can be 
found by solving a cubic equation.



Newton polygons

Question: how to define the degree of a polynomial in two variables?

Example: 𝑓 𝑥, 𝑦 = 2𝑥𝑦 + 𝑥2𝑦 + 3𝑥4𝑦 + 5𝑥2𝑦2 + 𝑥𝑦3
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Newton polygons

Question: how to define the degree of a polynomial in two variables?

Example: 𝑓 𝑥, 𝑦 = 2𝑥𝑦 + 𝑥2𝑦 + 3𝑥4𝑦 + 5𝑥2𝑦2 + 𝑥𝑦3

Why bother?

Motivation: generalize the Fundamental Theorem of Algebra to two (3, 
4,…, n) variables.



Newton polygons
Pictures from paper “Ideas of 
Newton-Okounkov bodies” by 
V.K., E.Smirnov, V.Timorin



Minding theorem (special case)

Let f(x,y) and g(x,y) be polynomials with the same Newton polygon P. 
Then the system of two equations in two unknowns

𝑓 𝑥, 𝑦 = 𝑔 𝑥, 𝑦 = 0

has at most 2area(P) totally nonzero solutions (whenever the number 
of solutions is finite).



Minding theorem (special case)

Let f(x,y) and g(x,y) be polynomials with the same Newton polygon P. 
Then the system of two equations in two unknowns

𝑓 𝑥, 𝑦 = 𝑔 𝑥, 𝑦 = 0

has at most 2area(P) totally nonzero solutions (whenever the number 
of solutions is finite).

Example:

𝑓 𝑥, 𝑦 = 𝑎𝑥𝑦 + 𝑏𝑥 + 𝑐𝑦 + 𝑑, 
𝑔 𝑥, 𝑦 = 𝑎′𝑥𝑦 + 𝑏𝑥′ + 𝑐′𝑦 + 𝑑′

Two hyperbolas with parallel asymptotes intersect at two points.



Minding 
theorem 
(general case)

Question: what if f(x,y) 
and g(x,y) have different 
Newton polygons P and 
Q?



Minding 
theorem 
(general case)

Question: what if f(x,y) 
and g(x,y) have different 
Newton polygons P and 
Q?

Answer: use Minkowski
sum of polygons.



Minding theorem (general case)

Let f(x,y) and g(x,y) be polynomials with the Newton polygons P and Q.
Then the system of two equations in two unknowns

𝑓 𝑥, 𝑦 = 𝑔 𝑥, 𝑦 = 0

has at most [area(P+Q)-area(P)-area(Q)] totally nonzero solutions 
(whenever the number of solutions is finite).



Minding theorem (general case)

Let f(x,y) and g(x,y) be polynomials with the Newton polygons P and Q.
Then the system of two equations in two unknowns

𝑓 𝑥, 𝑦 = 𝑔 𝑥, 𝑦 = 0

has at most [area(P+Q)-area(P)-area(Q)] totally nonzero solutions 
(whenever the number of solutions is finite).

Example: the system

𝑓 𝑥, 𝑦 = 𝑎𝑛𝑥
𝑛 +⋯+ 𝑎1𝑥 + 𝑎0

𝑔 𝑥, 𝑦 = 𝑎𝑚𝑦
𝑚 +⋯+ 𝑏1𝑦 + 𝑏0

has mn solutions.



Generalizations

Theorems:

• Bernstein-Kushnirenko-Khovanskii theorems (1970s)

• Brion-Kazarnovskii formula (1980s)

Areas of mathematics: 

• toric geometry and theory of Newton polytopes

• canonical bases in representation theory

• theory of Newton-Okounkov convex bodies and toric degenerations

• Schubert calculus



Family history



Thank you for your attention!

Slides and references can be found on the webpage:

me.hse.ru/valkir
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