
Ñåìèíàð 3. Ñóììû Ãàóññà è ßêîáøòàëÿ

Ââåäåíèå â òåîðèþ ÷èñåë, âåñåííèé ñåìåñòð 2024 ã.

ôàêóëüòåò ìàòåìàòèêè, ÍÈÓ ÂØÝ

×åðåç p îáîçíà÷àåòñÿ ïðîñòîå ÷èñëî.

Çàäà÷à 1. Äîêàæèòå, ÷òî ñèìâîë Ëåæàíäðà ìóëüòèïëèêàòèâåí, òî åñòü(
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)
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äëÿ êàæäîé ïàðû íåíóëåâûõ âû÷åòîâ a è b.

Çàäà÷à 2. (à) Ïîëüçóÿñü êâàäðàòè÷íûì çàêîíîì âçàèìíîñòè, âû÷èñëèòå ñèìâîë Ëå-
æàíäðà: (
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701

)
.

(á) ßâëÿåòñÿ ëè 449 êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ 701?
(â) Íàïèøèòå ÿâíóþ ôîðìóëó äëÿ ñèìâîëà Ëåæàíäðà:(

−1
p

)
.

(ã) Ïðè êàêèõ óñëîâèÿõ íà p ÷èñëî 2 ÿâëÿåòñÿ ïîëíûì êâàäðàòîì ïî ìîäóëþ p?

Çàäà÷à 3. Äëÿ êàæäîãî p îïðåäåëèì (êâàäðàòè÷íóþ) ñóììó Ãàóññà ôîðìóëîé:

G(p) =
∑

a∈Fp\{0}
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(à) Íàéäèòå G(3).
(á) Ïîêàæèòå, ÷òî G(5)2 = 5.
(â) Ïîêàæèòå, ÷òî G(7)2 = −7.
(ã) Äîêàæèòå, ÷òî |G(p)2| = p äëÿ âñåõ ïðîñòûõ p.

Çàäà÷à 4 (?). Ïóñòü a ∈ Fp. Îïðåäåëèì ñóììó ßêîáøòàëÿ ïî ôîðìóëå:

J(a) =
∑

x∈Fp\{0}
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)
.

(à) Äîêàæèòå, ÷òî J(a) =
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p

)
J(ab2) äëÿ âñåõ x ∈ Fp\0.

(á) Äîêàæèòå, ÷òî
p∑

a=1

J2(a) =
p− 1

2

(
J2(R) + J2(N)

)
,

ãäå R è N � ïðîèçâîëüíûå êâàäðàòè÷íûå âû÷åò è íåâû÷åò, ñîîòâåòñòâåííî, ïî ìîäóëþ p.
(â) Äîêàæèòå, ÷òî

p∑
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J2(a) =

(
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(
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p(p− 1).

(ã) Ïóñòü p = 4k + 1. Âûâåäèòå èç ïóíêòîâ (á) è (â), ÷òî p ïðåäñòàâëÿåòñÿ â âèäå ñóììû äâóõ
êâàäðàòîâ, âûðàçèâ êâàäðàòû ÷åðåç ñóììû ßêîáøòàëÿ.

(ä) Ïóñòü p = 4k + 3. Íàéäèòå ïðîñòóþ ÿâíóþ ôîðìóëó äëÿ ñóìì ßêîáøòàëÿ.
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Çàäà÷à 5 (?). Äëÿ ñëîâà S èç áóêâ R è N îáîçíà÷èì ÷åðåç np(S) êîëè÷åñòâî ïîäñëîâ âèäà S â
ñëîâå Wp (îïðåäåë¼ííîì â ëèñòêå äëÿ ñåìèíàðà 1).

(à) Ïðîâåðüòå, ÷òî
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(á) Âûðàçèòå np(RRR) ÷åðåç ñóììó ßêîáøòàëÿ J(1).
(â) Âûðàçèòå np(S) ÷åðåç J(1) äëÿ âñåõ ñëîâ äëèíû òðè.

Çàäà÷à 6 (?). (à) Âûðàçèòå êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ y2 = x3 − x íàä Fp ÷åðåç ñóììó ßêîá-
øòàëÿ J(1).

(á) Êàê ïîìåíÿåòñÿ îòâåò, åñëè âìåñòî êðèâîé y2 = x3 − x ðàññìîòðåòü êðèâóþ y2 = x3 − ax, ãäå
a ∈ Fp\{0}?


