
Ñåìèíàð 9. Âîêðóã äçåòà-ôóíêöèè Ðèìàíà

Ââåäåíèå â òåîðèþ ÷èñåë, âåñåííèé ñåìåñòð 2024 ã.

ôàêóëüòåò ìàòåìàòèêè, ÍÈÓ ÂØÝ

Çàäà÷à 1. Âûÿñíèòå, ïðè êàêèõ çíà÷åíèÿõ s ∈ R ñõîäèòñÿ ðÿä
∞∑
n=1

1

ns
.

Çàäà÷à 2. Ïóñòü s ∈ R. ×åðåç P îáîçíà÷àåòñÿ ìíîæåñòâî âñåõ ïðîñòûõ íàòóðàëüíûõ
÷èñåë.
(à) Äîêàæèòå, ÷òî ïðè s > 1 ñïðàâåäëèâî òîæäåñòâî:∑

p∈P

1

ps
= ln ζ(s)−

∑
p∈P

∞∑
j=2

1

jpjs
.

(Ïîäñêàçêà: ïðîëîãàðèôìèðóéòå ôîðìóëó ïðîèçâåäåíèÿ äëÿ ζ(s).)
(á) Äîêàæèòå, ÷òî

lim
s→+1

∑
p∈P

1

ps
= lim

s→+1
ln ζ(s).

Çàäà÷à 3. Âûÿñíèòå, ïðè êàêèõ çíà÷åíèÿõ s ∈ R ñõîäèòñÿ ðÿä∑
p∈P

1

ps
.

Çàäà÷à 4. (à) Ïóñòü f(x) ìíîãî÷ëåí ñòåïåíè n ñ êîðíÿìè a1,. . . , an. Ïðîâåðüòå, ÷òî

f(x) = f(0)
n∏
k=1

(
1− x

ak

)
.

(á) Êàêàÿ ôîðìóëà ïîëó÷èòñÿ â ïóíêòå (a), åñëè âìåñòî ìíîãî÷ëåíà ÷èñòî ôîð-
ìàëüíî ïîäñòàâèòü ôóíêöèþ

f(x) :=
sinx

x
?

Çàäà÷à 5. (à) Ïîëüçóÿñü ôîðìóëîé Ýéëåðà áåñêîíå÷íîãî ïðîèçâåäåíèÿ äëÿ ñèíóñà:

sinx

x
=

∞∏
k=1

(
1− x2

π2k2

)
, (E)

âû÷èñëèòå ζ(2), ζ(4), . . .
(á) Äîêàæèòå, ÷òî sh(z) = limn→∞ pn(z), ãäå ìíîãî÷ëåíû pn(z) îïðåäåëÿþòñÿ ôîð-

ìóëîé:

pn(z) :=
1

2

[(
1 +

z

n

)n
−
(
1− z

n

)n]
.

(â) Ïðîâåðüòå, ÷òî åñëè n = 2m+ 1, òî

pn(z) = z
m∏
k=1

(
1 +

z2

n2 tg2 πk
n

)
.

(ã) Ñ ïîìîùüþ ïóíêòîâ (á) è (â) äîêàæèòå ôîðìóëó (E). (Ïîäñêàçêà: ÷èòàéòå

ñòàòüþ W.F. Eberlein, �On Euler's In�nite Product for the Sine�.)


